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ABSTRACT 

Let  r be  a curve  in  the  complex  plane  (T  is  not  an  infinite  straight 
line) , which  is  rectifiable  with  arc-length  s,  having  a continuously  turning 
tangent,  as  function  of  s,  and  having  a radius  of  curvature  R = R(s)  (finite 
or  infinite)  that  is  piecewise  continuous,  and  satisfying  Dirichlet's  condition 
on  every  finite  subarc.  Let  f(t)  (-“  < t < «>)  denote  a "motion"  on  Tr 
i.e.  f(t)  e r for  all  t,  having  a continuous  velocity  vector  f(t),  and  a 
bounded  and  piecewise  continuous  acceleration  vector  f{t). 

Let  A > 0 be  given  and  let  denote  the  totality  of  motions  on  r 

such  that 

(1)  |f  (t)  I < A for  all  t . 

It  is  shown  (Theorem  2)  that  there  is  in  ^ unique  motion  f (t) , called 

the  Landau  motion  for  the  constant  A,  having  the  following  three  properties: 

(i)  |f (t) 1 = A for  all  t, 

(ii)  Whenever  f(t)  is  at,  or  returns  to,  a point  P of  T,  then  it 
has  at  P the  same  speed  jf],  which  we  denote  by  l^pl* 

(iii)  If  f(t)  e (T)  , and  t is  such  that  f(t^)  = P,  then 

|f(Vl  = 1^1  • 

In  Part  II  the  existence  and  uniqueness  of  f(t)  is  demonstrated.-  In 
Part  III  f(t)  is  explicitly  determined  for  a few  special  curves  T.  For 
the  case  when  T is  the  segment  {-a  < x < a},  the  motion  f(t)  was 
determined  by  Landau.  _ 
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SIGNIFICANCE  AND  EXPLANATION 


If  a particle  moves  with  bounded  acceleration  on  a bounded  section  of 
a straight  line,  then  its  velocity  is  bounded.  As  a specific  example,  if 
the  particle  moves  along  the  segment  of  the  n-axis  given  by  |xl  ^ a,  with 
|x|  ^ b,  then  |x|  ^ (2ab)^^^,  and  this  velocity  is  attainable.  The 
choice  of  acceleration  and  starting  position  and  velocity  required  to  achieve 
this  velocity  is  a simple  problem  in  control  theory. 

The  present  paper  generalizes  the  above  problem  to  the  case  where  a 
curve  is  given  in  a plane,  and  a maximum  allowable  value  is  given  for  the 
acceleration  of  a particle  moving  on  this  curve.  It  turns  out  that  then 
the  magnitude  of  the  velocity  of  the  particle  is  bounded  by  a certairi  function 
of  position  on  the  curve. 


More  precisely,  let  F be  a smooth  curve  in  the  plane,  and  let 
f(t)  (-“  < t < ®)  be  a "motion"  on  F (i.e.  f(t)  lies  on  F for  all  t) 
having  the  velocity  vector  f (t) , and  acceleration  vector  f(t).  Let 
A > 0 be  given.  It  is  shown  that  among  all  motions  on  F,  such  that 


(1)  I f (t) I < A for  all  t , 

there  is  a uniquely  defined  motion  f (t) , called  the  Landau  motion  on  F, 
for  the  constant  A,  such  that  at  every  point  P of  F,  the  speed  lf| 


is  > the  speed  If]  at  P,  of  any  other  motion  f satisfying  (1). 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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THE  LANDAU  PROBLEM  FOR  MOTIONS  ON  CURVES 

I.  J.  Schoenberg 


In  memory  of  Edmund  Landau  on  the  Centenary 
of  his  birth,  February  14,  1977. 
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Intr^uct^n 

Let  f(t)  be  real-valued#  -<»  < t < " . As  we  think  of  t as  time,  we  denote  its 
derivatives  by  f(t)  and  f(t).  We  assume  f e (m)  , hence  f(t)  e C(»),  while 
f(t)  is  piecewise  continuous,  with  discontinuities  only  of  the  first  kind,  and  bounded . 
Using  the  supremum  norm  on  K,  we  have  Landau's  inequality  (see  (3],  (41) 


<1)  ilfll  1 /2.||f|l.l|f||  , 

where  /2  is  the  best  constant.  An  equivalent  formulation  is  as  follows: 


If  a > 0 and  f(t)  satisfies 


-a  < f (t)  < a (t  c 3R) 


and  is  here  the  best  constant.  If  we  interpret  (2)  as  saying  that  f(t)  describes 


a motion  on  the  segment 


and  define  the  functional 


la  = {-a  < X < a)  , 


= , 

/Ilf  II 


(6)  sup  F(f)  = /2a  , 

f 

the  supremum  being  taken  among  all  motions  on  I^. 

a 

A rather  natural  generalization  is  as  follows.  Let  S denote  a closed  and 
connected  set  in  the  complex  plane  (E,  such  that  S contains  no  infinite  straight  line. 


Furthermore,  let 


(S)  - {f(t);  f(t)  e S for  all  t,  f(t)  * const.}  . 


Sponsored  by  the  United  States  Army  under  Contract  No.  DAAG29-75-C-0024 . 


Now  f(t)  is  complex-valued  and  f(t),  f(t),  are  the  velocity  and  acceleration  vectors 


then  F(f)  is  seen  to  be  well  defined  (<  “)  for  all  f e (S) . We  now  formulate 

L^^au^s_grobl^_for  S:  To  determine 

(8)  US)  = sup  F(f)  . 

fe  (S) 

We  call  £(S)  the  Landau  constant  of  S. 

Part  I presents  a few  examples  where  US)  has  been  determined.  The  results  of 
§2  were  stated  in  [51  without  proofs.  The  main  results  are  found  in  Parts  II  and  III. 

The  problems  here  discussed  belong  to  the  subject  of  Optimal  Control , but  we  use  no 
results  from  its  theory,  as  our  special  problems  are  elementary  and  can  be  attacked 
directly.  For  each  curve  P our  Landau  problem  depends  on  what  Ernesto  Cesaro  called 
the  natural  (or  intrinsic)  equation  of  T,  giving  its  radius  of  curvature  R(s)  as 
a function  of  the  arc-length  s.  Many  interesting  and  instructive  examples  of  such 
natural  equations  are  found  in  his  book  (21 . 

I wish  to  thank  C.  Vargas,  of  the  MRC  Computing  Staff,  for  carrying  out  successfully 
the  difficult  numerical  integrations  of  111. 
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1.  Examples . The  Landau  constant  L(S)  is  known  for  a few  simple  choices  of  S 


(i)  S = I . In  terms  of  the  definitions  (8)  and  (4),  we  may  rewrite  Landau's 


result  (6)  as 


An  extremizing  motion  f(t)  such  that 


= /2a  . 


F(f)  = /2a 


is  readily  described.  In  terms  of  the  quadratic  Euler  spline  E^it)  defined  by 
(1.3)  = 1 - 4t^,  if  - I 1 t < I , 

and  extended  to  all  t by 


(iii)  S is  the  circle 


(1.9) 


{ I zl  = a}  . 


The  Landau  constant  i(S)  enjoys  an  obvious  monotonicity  property: 

(1.10)  U c then  L(S^)  < HS^)  . 

From  C C R we  therefore  conclude  that 
a a,b 


L(C  ) < L(R  . ) 
a = a,b 


Letting  b a we  obtain  that 

(1.11) 


/ yi 

= /a  + »a 


Z,(Ca)  < . 


(0  < b < a)  . 


It 


On 


the  other  hand,  for  the  uniform  circular  motion  f(t)  = ae  we  find  that 


|f||  = a,  ||f||  = a and  therefore  F(f)  = /a.  This  implies  that  L(C^)  > /a  and  now 


(1.11)  shows  that 

(1.12) 

( iv ) S is  the  circular  dis)t 
(1.13) 

From  (1.10)  we  obtain  that 


L(C^)  = /a  . 


Da  = {|z|  < a}  . 


£(D^)  > b*  ~ 

and  letting  b -*•  0 we  obtain  that  £(D^)  > >^.  From  Theorem  1 below,  concerning  convex 
sets  S,  to  be  established  in  §2,  we  conclude  that  here  we  have  equality,  hence 
(1.14) 

2.  A lemma  and  the  case  when  S is  convex. 


£(D^)  = /2a  . 


Lemma  1 . If  the  motion 

(2.1) 

has  the 


(2.2) 

then 


(2.3) 


f(t)  e (S) 


f e (S)  and  1|  f I < |lfl 


f 1 If  . 


-4- 


we  find  that  g(t)  e (S) 


If  f e (S)  then  for  the  motion  g(t) 


hence  ||g|| 


Proof ! Let  A and  B be  points  of  S such  that 


mam 


Proof : 1.  Property  A implies  Property  B.  We  assume  (2.1)  and  Property  A and  we 


are  to  establish  (2.4) . 


and  also 


By  Property  A we  conclude  that  g < f » and  by  the  definition  of  g(t),  that 


But  then 


LiS)  - sup  F(f)  < f (f)  and  therefore  (2.4)  holds, 
fes 


2.  ProDertv  B implies  Property  A.  Now  we  assume  (2.4)  and  that  f satisfies 


(2.2),  and  we  are  to  show  that 


< ll^l|/4^  whence 


From  (2.4)  we  obtain 


because  of  the  second  relation  (2.2).  Thus  (2.5)  is  established. 


As  an  application  we  establish 


Theorem  1.  If  S is  a closed  and  bounded  convex  set,  then 


L(S)  = /diameter  of  S 


On  the  segment  (A,B1  we  consider  the  motion 


ww 


while  on  the  other,  by  (2.17),  we  have 


! ‘ ■ ;! 

M . ' 

^ I It  clearly  follows  that  )f(tg)|  < 2d.  Since  t^  was  arbitrary  we  conclude  that  ' 

[ ! - " • 

' 1 l|f||  < 2d  = l|f|l  . , I: 

hi 

[ ] j This  establishes  (2.13)  and  the  motion  f (t)  is  seen  to  have  the  Property  A of  Lemma  1.  j* 

j By  Lemma  1 we  conclude  that  f has  Property  B which  states  that  j ' 

1 1 L(S)  = F(f)  = : 

I !: 

[I  Therefore  (2.11)  is  established. 

• i ’ 

I Remar Ic . Clearly  Theorem  1,  and  its  proof,  remains  valid  if  the  convex  set  S k 

t belongs  to  a euclidean  space  of  any  finite  number  of  dimensions.  It  does  seem  curious  j. 

l!  - 

; I that  the  motion  f(t)  on  the  diameter  (A,b]  can  not  use  the  greater  freedom  offered  by 

j S to  increase  the  value  of  the  Landau  constant.  I 


r t 

r 

I'  1 


II.  Th^_La^au^^^roblem^_for_jrat_^ns__^on^ur^‘5 
3.  Statement^^of^^ma^^^resu^ . As  indicated  by  its  title,  the  chief  purpose  of  the 
present  article  is  to  study  the  Landau  problem  for  motions  on  a set  S,  when 
(3.1)  the  set  S reduces  to  a curve  T . 

The  curve  T,  of  the  complex  plane,  is  assumed  to  be  rectif ieible,  its  arc-length  being 
denoted  by  s.  We  also  assume  that  T has  a continuously  varying  tangent,  as  function 
of  s,  and  that  the  radius  of  curvature  R = R(s),  at  the  point  s,  is  a piecewise 
continuous  function  of  s,  having  at  most  discontinuities  of  the  first  kind,  and  that 
R(s)  satisfies  Dirichlet's  condition  in  every  finite  s-interval. 

We  distinguish  four  types  of  curves  T . 

Case  1 . r is  a biinfinite  arc;  a parabola  is  an  example.  As  we  assumed  in  our 

I Introduction  that  the  set  S contains  no  infinite  straight  line,  we  exclude  the  case 

j when  r 5s  a straight  line.  Measuring  s from  a suitable  point  0 of  F,  we  see  that 

the  range  of  values  of  s is 
j (3.2) 

j Case  2.  r is  a half-infinite  arc.  If  0 is  its  endpoint,  we  think  of  F as 

j )3eing  a biinfinite  arc  that  is  doubled-up  on  itself  at  the  point  0.  Hence  (3.2)  again 

holds,  with  is  denoting  the  same  point  of  F.  Examples  are  a half-line,  or  one-half  of 
a parabola. 

Case  3 . F is  a closed  curve  of  total  length  21.  A circle,  or  an  ellipse,  are 
examples.  Again  (3.2)  holds,  and  s^  and  s^  denote  the  same  point  of  F if 
Sf  S S2(mod  2!.). 

1 Case  4.  F is  a finite  arc  of  length  i.  We  think  of  this  as  a special  case  of 

Case  3,  when  the  two  parts  0 < s < t and  i < s < 2£,  of  F,  coincide  g .*ometrically . 

As  s increases,  the  corresponding  point  is  seen  to  describe  F infinitely  often  in  a 
to-and-fro  motion. 

In  all  four  cases  s ranges  over  all  reals. 

I As  in  (7) , we  are  concerned  with  the  class  of  motions 

j j (3.3)  (F)  = {f(t);  f(t)  f F for  all  t,  f(t)  * const.}  . 


i 
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f: 


We  select  an  arbitrary,  but  fixed  constant 

(3.4)  A > 0 , 
and  define  t!ie  subclass  of  motions 

(3.5)  ~ f ^ ((’)'  lf(t)|  f A for  all  real  t}  . 

In  words:  (^)^  is  tl>e  class  of  motions  on  F hiaving  at  all  times  accelerations  whose 
moduli  do  not  exceed  the  value  A . 

The  following  seems  obvious:  f(t)  e (F)  and  ^ coincides  with  an  end- 


-9- 


r- 


point  of  F (in  Cases  2 and  4),  then  f (t  ) =0.  This  follows  from  f (t)  e 

Our  main  result  is  as  follows. 

Theorem  2.  There  is  a unique  motion  f (t)  = f (t)  on  F,  called  the 

C(]R). 

Landau  motion 

on  F,  corresponding  to  A,  having  the  following  three  properties: 

(i) 

(3.6) 

1 f (t) 1 = A for  all  t . 

1 

(ii)  Let 

f(t)  be  at  the  point  of  arc-length 

1 

(3.7) 

s = s(t)  . 

1 

This  function  of  t is  uniquely  defined  by  f(t),  if  we  require  that 

s (t) 

e COB)  1 

and  that 

1 

1 

(3.8) 

s(0)  =0  . 

(3.9)  The  function  s(t)  increases  steadily  from  to  +“>  as  t 

increases 

from 

to  +®  . 

1 

Further  properties  of  s(t),  hence  of  f(t),  are  as  follows. 

In  Case  1, 

by  (3.9),  f(t)  sweeps  out  the  entire  curve  F iust  once. 

t 

1 

In  Case  2, 

again  by  (3.9),  f(t)  sweeps  out  F twice.  Moreover, 

1 

(3.10) 

s(-t)  = -s(t),  hence  f (-t)  = f(t),  for  all  t . 

( 

1 

In  Case  3, 

let  2T  be  the  least  positive  value  such  that 

1 

(3.11) 

s(2T)  = 21  , 

then 

(3.12) 

s(t  + 2T)  = s(t)  t 2S,,  or  f(t  + 2T)  = f(t)  for  all 

t . 

i 

I 

I 


i 

t-. 


i' 


mmm 


tmimmU 


From  (3.6)  we  conclude  that  l|f||  < A.  Now  (3.20)  shows  that 

lifll  s llill , 

and  this  is  the  desired  Property  A of  f.  By  Lemma  1 we  conclude  that  f has  Property  B, 
and  (3.21)  is  established. 

Of  course,  in  Cases  1 and  2,  we  may  well  have  that  iCD  = ". 

Remark . The  dependence  of  f(t)  = f^(t)  on  the  constant  A is  a trivial  one. 

For  if  we  select  another  constant  B > 0,  then  we  claim  that  the  motion  defined  by 
(3.23)  fg(t)  = f^(t/i7A) 

is  the  corresponding  Landau  motion.  For,  in  the  first  place,  (3.23)  implies  that 

Ilfgll  = (B/A)  llf^il  = B for  all  t . 

As  the  same  change  of  scale  in  t transforms  (F)  into  (F)  , we  find  that  f also 

A B B 

enjoys  the  characteristic  point  wise  maximal  property  (3.20)  within  the  class  (F)_. 

B 

4.  Thecondition  jf(t)|  < A ^rounts^to^adifferentialine^gali^.  Let  f(t)  f (F) 
and  let  s denote  the  arc-length  corresponding  to  the  point  f(t)  of  F.  Evidently 
s = s(t)  is  a function  of  t.  Also  the  speed  of  f{t), 

(4.1)  ' 
is  a function  of  t.  Let  us  assume  that 

(4.2)  f(t)  and  R(s)  are  continuous  if  a < t < 6 

At  the  point  f = f(t)  = (x,y)  we  draw  a half  line  tangent  to  F in  the  direction 
of  increasing  s,  and  denote  by  its  angle  with  the  x-axis.  Then  the  following 


classical  relations  hold: 


di^  di^  ds  1 


• dx  dx  ds 

x = — = — • — = v cos 
dt  ds  dt 


(4.5)  y = V sin  ‘f  . 

Differentiating  again  the  last  two  relations,  we  obtain  by  (4.3),  that 


X « V cos  ^ S'-" 


y « V sin  ^ + — cos  <f 


-11- 


These  give  the  well-known  components  of  the  acceleration  f in  the  direction  of  the 
tangent  and  the  normal  to  f at  the  point  f = (x,y) . Now 

|f(t) ^ 

R 

and  we  immediately  conclude  the  following:  The  inecpjality 
(4.7) 


holds,  if  and  only  if 
(4.8) 


|f  (t) 1^  < 


•2  ^ .2  V 

V < A - — 


is  satisfied. 

Since 

(4.9) 

we  may  also  rewrite  (4.8)  as 

(4.10) 


dv  _ ^ ^ ^ 

dt  ds  dt  ds  ' 


This  we  multiply  by  16  v to  obtain 


2 4 \ 

L 3 dv|  ^,,42  V \ 

4v  — <16v  A r . 

I ds)  = ^2l 


(4.11) 


A glance  at  this  shows  that  we  should  introduce  the  new  variable 

4 

(4.12)  u = V 

to  obtain  the  Inequality 


(4.13) 


ISl  i - 51  • 


Clearly,  as  shown,  (4.10)  implies  (4.13),  but  the  converse  is  true  only  if  v 0.  We 
have  therefore  established 

LCTga_2.  We  assume  R(s)  and  f(t)  to  be  continuous  at  the  time  t,  and  that 
(4.14)  (vj  = (f (t) I > 0 . 

In  terms  of  the  new  variable  u,  defined  by  (4.12),  the  inequality 


-12- 


(4.15) 


If (t) ( < A 

is  equivalent  with  the  differential  inequality 

,2 


(4.16) 


du  \ 


1 < 16  u A 


ds  / = 


2 

R (s) 


Moreover,  the  equation 

(4.17)  |f(t)|=A 

is  equivalent  with  the  differential  equation 

.2 


(4.18) 


la  ■ - . 


This  lemma  has  far  reaching  consequences,  some  of  which  are  as  follows, 
o 

1 . Observe  that  the  right  side  of  (4.16)  is  a quadratic  polynomial  in  u,  while 
(4.16)  implies  that  this  quadratic  is  non-negative.  It  follows  that  ^ (4.16)  holds, 
then  the  corresponding  values  of  s and  u = v"*  must  satisfy  the  inequalities 

(4.19)  0 < u < A^r^(s)  . 
o 

2 . If  in  the  time  interval  a < t < 6 both  (4.14)  arrf  (4.15)  hold,  then  the 
corresponding  function  u = u(s)  must  satisfy  the  inequalities 

(4.20) 


-aJuU^  - --^1  < ^ 

^ ' R^s)'  - ' r2(s) 


3  . If  for  t e (a, 8)  we  have 


(4.21) 


if  (t)  I = A,  I f (t)  1 >0 


then  for  such  t (4.16)  becomes,  an  equality,  hence 


(4.22) 


du\^  = 

ds  ) 


16 


u 1 

u A - -2 . 

D f * 


R (s) 

This  differential  equation  is  the  Itey  to  a proof  of  Theorem  2. 

5.  (4.22).  to  simplify  notations. 


we  write 


(5.1) 


U (u ,s) 


n 2 u 

)\/u  A - -j 
V R (s) 


It  is  clear  that  a solution  of  (4.22)  must  satisfy  one  or  the  other  of  the  differential 
equations 
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r 


; M 

r-.h 


It  is  ioiportant  that  we  get  a clear  idea  of  the  families  of  curves  which  are  soluti''iis 
of  these  two  differential  equations.  To  fix  the  ideas,  we  assume  in  the  present  section 
that  r is  a closed  curve  of  length  21,  hence  that  we  are  in  Case  3,  and  that  has 

everywhere  a positive  and  continuous  radius  of  curvature  R(s) . Therefore  k(s) 

{-«■  < s < ”)  is  a positive  and  continuous  function  of  period  21.  We  may  as  well 
assume  that 


(5.4) 


B(0)  = min  R(s)  . 


In  the  (s,u) -plane  we  consider  the  curve 

2 2 

(5.5)  Y : u A (R(s))  (-«  < s < “) 

and  Fig.  1 represents  a period  0 < s < 2£  of  this  function.  The  direction  fields  of 
the  equations  (5.2)  and  (5.3)  are  easily  described:  For  every  fixed  value  of  s,  and  every 


,2„2, 


u such  that  0 < u < A R (s) , we  have  the  two  slopes  t U(u,s)  of  opposite  signs 

S S 

.2„2 


The  angle  between  these  line  elements  is  =0  if  u = 0,  or  if  u - A R (s) , while 

increasing  to  a mdiximal  value  halfway  between  these  endpoints.  This  is  so  because 

2, 


U (u,s)  is  a quadratic  function  of  u. 

The  u-axis,  u = 0,  is  a singular  solution  of  both  equations  (5.2),  (5.3). 
Let 

(5.6) 


du 


V denote  the  class  of  solutions  of  ^ = + U(u,s)  , 
+ as 


(5.7) 


du 


denote  the  class  of  solutions  of  — - = - U(u,s)  . 
ds 


An  example  of  an  element  of  is  the  arc  fig-  1-  Its  left  endpoint 

is  on  u « 0,  while  its  right  endioint  is  on  the  curve  y-  II'®  slopes  of 


vanish  at  )x>th  endpoints  and  are  positive  in  between.  These  we  call  elements  of 


of  type  I and  denote  their  class  by  V^. 
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(5.2) 

^ “ U(u,s)  , 
ds 

or 

du 

a 

(5.3) 

— =>  -U(u,s)  . 
ds 

I 


I 


An  example  is  the  arc  S T (Fig.  1) 


having  its  left  endpoint  S on  Y-  We  call  them  elements  of  V o: 


denote  their  class  by  V 


There  is  a similar  dichotomy  within  V_:  Its  elements,  like  P Q 


having  its 


right  endpoint  on  u = 0,  are  called  of  type  I and  their  class  denoted  by  V . Finally 


having  their  right  endixaint  on  y 


The  elements  of  V form  a field  of  increasing  curves  that  covers  simply  the  region 


between  y and  the  u-axis.  Also  the  elements  of  V form  a field  of  decreasing  curves 


The  reason  is  that  within  any  compact  subset  of  (1,  each  of  the  equations  (5.2) 


and  (5.3),  satisfy  a Lipschitz  condition 


constant 


Evidently,  the  elements  of  V^,  or  of  V , satisfy  the  equation 

(5.10)  = u2(u,s)  . 

However,  in  fonninq  solutions  of  (5.10) , we  may  pass  at  will  from  an  element  of  to 

one  of  V , so  as  to  preserve  continuity.  We  sliall  also  refer  to  elements  of  as 

increasing  solutions  of  (5.10),  and  to  elements  of  V as  decreasing  solutions  of  (5.10) 


As  an  example,  let  us  find  on  ” a periodic  motion  f(t)  suc)i  that 


(5.11)  |f(t)|  = A,  except  at  the  discontinuities  of  f . 

This  is  easily  done,  at  least  in  theory:  Let  u^  satisfy 

(5.12)  ° “o  = ' 

and  let  us  join  the  two  points  (0>Ug)  (2i,Ujj)  by  the  graph  of  a function  u = u(s 

that  will  generate  a motion  f(t)  satisfying  (5.11). 

1.  We  start  from  (0,Uq)  an  increasing  solution  “qB,  and  from  (21, u^)  a 
decreasing  solution 

2.  At  the  point  B we  switch  to  a decreasing  solution  BC.  Again,  at  C we  pass 
to  the  increasing  solution  CD,  to  be  followed  by  the  decreasing  DE.  Finally,  let 

EF  be  an  increasing  solution  t)iat  intersects  Fu^  at  the  point  F.  In  this  construc- 
tion we  should  ta)ce  care  not  to  ever  touch  the  line  u = 0.  so  as  to  satisfy  the  basic 
assumption  (4.14)  (u  = 0 would  imply  v = 0)  . 

Let  the  curve  u^BCDEFu^  represent  the  graph  of  one  period  of  the  periodic  function 

(5.13)  u = i(s)  , (-■»  < s < »)  . 

This  being  a solution  of  (4.18)  for  all  t,  it  follows  by  Lemma  2,  that  |f  (t) | = A 
holds  for  all  continuity  points  of  f.  To  determine  the  basic  variable  t we  use  the 
relations  (4.1)  and  (4.12)  to  obtain  that 


0 (u(s)) 


1/4  ’ 


which  gives  a 1-1  map  of  the  t-axis  onto  the  s-axis.  At  tlie  points  s » 0,  s^,  s^, 

s , s . s of  the  curve  F (see  Fig.  1)  we  have  the  jump  discontinuities  of  the 
D E F 

acceleration  vector  f (t) . Fig.  1 also  shows  nicely  the  character  of  the  motion  f (t) 


within  one  revolution:  f(t)  is  accelerated  on  10, s^],  and  [3^,3^],  and 


decelerated  on  [s^.s^J  and  [Sp,2£l. 


f(t)?  to  answer  this  question 


we  return  to  the  relations  (4.6).  Let  us  denote  by  = f(tg+)  - fft^-)  the  jump 


of  f at  t - tp,  and  use  this  notation  for  other  functions  as  well.  Since  v and 


are  continuous,  and  assuming  R(s)  continuous , we  find  from  (4.6)  that 


Ax  = (Av)  cos  , Ay  - (Av)  sin  . 


From  (4.9),  and  writing  v'  ==  dv/ds,  u*  = du/ds,  we  find  that  Av  = vAv'.  Now  u = 


shows  that  u*  = 4v^v*,  and  therefore  Au'  = 4v^Av' . It  follows  that 


Av  = lv/(4v^)lAu'  = Au'  = Au'  . 

^ 2 4vAl 

4v 


Prom  this  and  (6.1)  we  conclude  that 


This  establishes 


Lemma  3 . If  f(t)  is  a motion  on  F such  that 


|f(t)  = A at  the  continuity  point  of  f , 


and  if  u = u(s)  is  the  corresponding  (s  .u) -diagram , then  the  jumps  of  f (t)  correspond 


to  the  corners  of  the  graph  of  u(s),  as  long  as 


u(s)  > 0,  or  equivalently  f(t)  * 0 . 


Moreover,  at  a discontinuity  t = t , the  vector 
^ 0 


Af(tjj)  = - f(tQ-)  (fttg)  > 0) 


IS  parallel  to  the  tangent  to  F at  the  point  ^ ) . 


7.  Some  global  properties  of  the  graph  of  u = u(s)  corresponding  to  a motion 


f(t)  f have  discussed  motions  f(t)  satisfying  the  condition  (5.11): 


their  corresponding  curves  u = u(s)  were  solutions  of  the  differential  (5.10).  How- 


ever, as  we  shall  see,  Lemma  2 also  gives  complete  information  on  the  curves  u = u(s) 


corresponding  to  motions  in 
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Let  f(t)  satisfy 


r; 


f i 


I 


(7.1)  |f(t)|  f A wherever  f(t)  is  continuous, 
and  let  a portion  of  the  corresponding 

(7.2)  u = u(s)  (s'  < s f s"),  (u(s)  > 0)  , 

be  represented  by  the  arc  I'  II"  of  Fig.  1.  The  assumption  that  the  arc  I ’I"  does 
not  intersect  the  u-axis,  implies  that  u(s)  is  continuous  and  u'(s)  piecewise 
continuous. 

Let  s'  < Sq  < s",  I = (s^,u(Sq)),  and  let  snd  P Q be  the  elements  of 

and  V , respectively,  that  pass  through  the  point  I. 

Lemna_^.  The  arc  I 'I"  can  not  cross  either  of  the  two  arcs  and  P_Q_< 

except,  of  course,  at  the  point  I . 

This  is  a global  corollary  of  Lemma  2.  We  know  that  (4.20)  holds  along  I 'I". 

Let  us  even  assume  that  -U(u,s)  < du/ds  < U(u,s)  at  the  point  I.  If  the  arc  I I" 
could  dip  down  and  cross  the  arc  IQ  , then,  at  the  first  point  where  it  crosses  IQ_ 

(or  a neigliboring  decreasing  solution)  it  would  violate  (4.20)  of  Lemma  2. 

Let  P^  and  Q also  denote  the  s-coordinates  of  these  points.  An  important 
consequence  is  that  we  may  assume  in  Fig.  1 that 

(7.3)  s'  < P^,  Q_  < s"  . 

1/4 

Indeed,  assuming  that  v = ds/dt  = u is  positive  along  I'l"  (rather  than  negative), 
then  we  find,  by  Lemma  4,  that  s is  a strictly  increasing  function  of  t in  the  range 

(7.4)  ® i . 

But  then  surely  u admits  a single-valued  representation  u = u(s)  in  the  interval  (7.4 
We  come  now  to  a crucial  point  of  our  discussion.  Again  we  assume  that  (7.1)  holds, 
but  let  now  the  graph  of  (7.2)  be  the  arc  J'  J J"  of  Fig.  1.  Now  the  elements  of 
and  V that  pass  through  the  point  J are  the  arcs  P_2_'  respectively. 

Observe  that  S^T^  is  an  element  of  . We  also  assume  that  the  arc  is  not 

minimal  in  the  sense  that  there  are  arcs  S|T|  in  below  it  and  arbitrarily  close 

to  it. 


• 1 


I 


I 

I 

t 

i 


I 

I 


L 


-la- 


i 

< J 


I 

1 

J 


1 ; 


I 

1 

I 


Our  assumption  that 

(7.5)  e v”  , 

contradicts  our  basic  assumption  (7.1)  . 

We  )cnow,  by  Lemma  4,  that  the  arc  J'J  can  not  cross  either  of  the  arcs  S^J  and 
P J.  Let  C and  n be  the  s-coordinates  of  the  points  and  J,  respectively. 

Since  s = s(t)  must  be  strictly  monotone  in  the  range  5 f s < n (for  an  appropriate 

t-interval)  because  v = ds/dt  ^ 0,  it  follows  that  the  arc  J'J  must  cross  the  curve 

* * 

Y at  some  point  J , on  the  arc  S^P  , with  vanishing  slope,  because  at  J we  have 

* 

two  equality  signs  in  (4.20).  Therefore  the  arc  J'J  is  forced  to  enter  the  region 
above  the  curve  Y,  where  the  inequality  (7.1)  is  known  to  be  reversed  by  (4.16).  This 
contradiction  proves  the  lemma. 

A similar  contradiction  is  reached  if  the  arc  u = u(s)  should  pass  through  a 
point  K of  an  arc  S_T_,  of  where  we  assume,  as  above,  that  the  arc  ST  is 

not  minimal . 

8.  ^£Structwn^^^f^_^e_^ndaujratlon  f(t)  3^_^a__^roof^^f_^TOram^ . In  the 
proof  of  Lemma  5 we  have  assumed  that  the  arcs  S^T^  and  S T (Fig.  1)  were  not 
minimal . Such  arcs  of  tl  which  are  minimal,  will  now  solve  our  problem. 

Again  we  argue  in  the  case  of  Fig.  1,  when  T is  a closed  curve  of  positive  and 
continuous  radius  of  curvature  R(s)  exhibiting  no  intervals  of  constancy.  In  Fig.  2 
we  draw  again  the  graph  of  one  period  of  the  curve 

(8.1)  Y ! u = A^R^(s)  (-“  < s < «>)  , 

where  R(0)  = min  R(s) , and  R(s)  > R(0)  if  s is  positive  and  close  to  0. 

2 2 II 

1.  We  start  from  the  point  S^  = (0,A  R (0))  and  draw  the  arc  S^T^  e , which 

necessarily  terminates  at  a point  T^  of  a descending  branch  of  y,  with  zero  slope 
at  that  point.  We  proceed  from  T^  along  this  descending  branch  of  y until  we  reach 
the  next  minimum  point  S^,  where  we  construct  the  arc  S^T^  e terminating  at  T^ 

with  zero  slope,  again  on  a descending  branch  of  Y-  We  continue  in  like  manner  obtaining 
the  finite  sequence  of  arcs 
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corresponding  to  a point  s = s|  of  maximal  curvature.  Observe 

1°.  That  the  speed  at  s = s^  is  the  greatest  speed  that  a motion  in 

(T)^  may  reach  at  that  point. 

2°.  That  (8.12)  is  a part  of  the  motion  S S|T|,  which  at  S_  and  T|  starts 
having  accelerations  that  exceed  in  modulus  the  constant  A.  However,  before  reaching 
the  point  T^,  the  next  arc  W'S^W"  takes  over. 

3°.  That  along  W the  motion  f is  decelerated  because  u{s)  decreases,  and 

accelerated  along  S|W' : Minimal  speeds  occur  only  at  some  of  the  points  of  F of 
maximal  curvature. 

4°.  That  f(t)  is  continuous  between  W and  W,  even  at  the  point  , accord- 

ing to  the  relation  (6.2).  Also  by  (6.2)  we  observe  that  the  jumps  of  f are  at  the 
points  W,  W,  and  W". 

It  therefore  appears  that  f is  composed  of  a succession  of  smooth  motions 
corresponding  to  some  (see  6°  below)  of  the  minima  of  R(s),  each  having  the  maximal 
speed  at  such  a minimum,  and  still  going  around  that  minimum  point  and  yet  satisfying 
|f(t) I < A. 

5°.  Let  T be  the  unit  vector  tangent  to  F at  s,  and  pointing  in  the  direction 
of  increasing  s.  For  the  inner  product  (f,T)  we  find,  by  (4.6),  the  value 
X cos  'f  + y sin  ^ = v = |f|cos  6,  0 = <^  (f,T)  . 

This  shows  that  6 > 90°  between  W and  because  v < 0,  and  9 < 90°  between 

S|  and  W because  v > 0,  while  9 = 90°  at  S|.  Therefore  f(t)  is  normal  to  F 
at  the  points  of  maximal  curvature. 

6°.  Notice  that  our  construction  of  f did  not  use  the  minimum  jxjint  M,  where 
the  speed  |f|  would  be  too  large  to  be  consistent  with  f e 

2.  By  relation  (3.21)  of  Corollary  1 we  find  that 


HV)  = (max  . 


The  quantity  max  u(s)  equals  the  largest  ordinate  of  the  vertices  W,  W,  W" , of 
Fig.  2,  and  can  be  determined  approximately  by  numerical  integration  of  the  differential 
equations  (5.2)  and  (5.3),  in  case  that  exact  integrals  are  not  available. 


I 


3.  We  have  established  in  §8  the  Theorem  2 for  Case  3 under  restrictive  assumptions 
on  R(s).  The  modifications  needed  for  Cases  1,  2,  4,  or  if  R(s)  has  discontinuities, 
or  intervals  of  constancy,  will  become  fairly  obvious  in  our  discussion  of  special 
curves  T. 


III.  The  Landau  motion  for  special  curves  r 


9 . The  curve  T is  a circle  C_ . Now  R(s)  = R is  a constant.  By  the  remark  1 

1 ==  ====  R 

(following  Lemma  2 of  §4)  we  gather  that  for  a motion  f(t)  e speed 

|v(  = (f(t)|  may  never  exceed  the  value  On  the  other  hand,  for  the  uniform 

circular  motion 


f(t)  = Re 


it/A/R 


we  find  that 


f(t)  = i/m  f(t)  = -Ae“'^ 


|f(t)  I = /Sr,  If  (t)  I = A for  all  t . 


This  establishes 


Th^rem^.  The  Landau  motion  f(t)  on  the  circle  C^j,  for  the  constant  A,  i£ 

the  uniform  circular  motion  (9.1). 

In  particular,  by  (3.21)  of  Corollary  1,  we  obtain  from  (9.2)  that 

(9.3)  ^ < 

in  agreement  with  our  earlier  relation  (1.12). 

9 . The  curve  F is  a circular  arc.  To  discuss  our  next  case  when  F is  a circulcir 
2 - ~ --  " 

arc#  we  need  the  solutions  of  the  equation  (4.22)  which,  in  our  case,  beccw\es 


du\  -.2  -2 

— = 16  u (A  - uR  ) . 

ds 


Variables  separate  and  we  find  its  solutions  to  be  composed  of  the  function 


(9.5)  u = g(s)  = k A^R^d  - cos  ^)  = A^R^sin^  (-Rir/4  < s < Rir/4)  , 

and  all  its  horizontal  translates  g(s  - s^) . A graph  of  g(s)  is  the  arc  BOD  of 

2 2 

Fig.  3.  Moreover,  u = 0 and  u = A R are  singular  solutions  of  (9.4). 

Let  now  r be 


an  arc  of  of  length  1.  By  our  convention,  described  following  (3.2),  again  s 


roams  over  all  reals,  and  we  find  that 


I 


(9.7) 


Moreover,  we  must  set 
(9.8) 


R(s)  = 


+R  if  0<s<Jl  (mod  ) 


-R  if  -£  < s < 0 (mod  211) 


R(s)  =0  if  s s 0 (mod  H)  , 


i.e.  at  the  endpoints  of 

The  function  u = u(s)  corresponding  to  the  Landau  motion  f(t)  for  C depends 

^ f )c 

on  the  size  of  f.  We  will  show  that  if 


(9.9) 


I > R-n/2  , 


i.e.  the  arc  C 

is  aquarter-circle 

or 

longer,  then  a period 

R , K 

qiven  by 

q(s) 

if 

0 < s < Rti/4 

. 

(9.10) 

u (-.)  = < 

A R 

if 

i^ 

R7i/4  ; s < H 

- Rti/4 

g (s  - 

i) 

i£ 

i - Rit/4  < s 

02 

V II 

(9.11) 

t < 

R1T 

2 ' 

then 


(9.12) 


u(s)  = 


q (s) 

u 

0 < s < f/2 

q (s  - 1) 

ijf 

li/2  < s < f 
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For  graphs  of  the  two  functions (9. 10)  and  (9.12)  see  Figures  3 and  4,  respectively. 
They  show  the  period  and  u(s)  is  periodic  witti  period  i. 


Fig.  4 


Proof : For  the  dependence  of  s on  t,  we  again  use  the  relation  (8.6)  . The 
2 2 

novel  situation  is  that  A R (s)  is  constant,  except  for  its  discontinuities  at  the 
multiples  of  I,  by  (9.8). 

The  validity  of  (3.0)  and  (3.12)  follows  by  construction.  A proof  of  the  extremum 
property  (iii)  is  again  based  on  Lemmas  4 and  5 of  §7.  The  old  proof  of  §7  will  apply 
again  if  we  use  the  following  device.  Mark  in  Fig.  3 the  equidistant  points 

= (vS,,aV)  (v  = 0,  1,  . . .)  , 

and  think  of  the  curve  y,  defined  by  (8.1),  as  consisting  of  the  succession  of  segments 


•••'  "-1^0'  V'  %'  Vi'  V'  "^1'  V2 

We  may  now  think  of  OE^  as  an  ascending  branch  of  y.  But  then  the  arc  ST,  of 
Fig.  3,  belongs  to  the  class  and  the  old  reasoning  of  §7  applies. 

Remarks.  1.  Figures  3 and  4 show  the  character  of  the  motions  u = u(s)  in  the 
two  cases.  If  the  arc  exceeds  a quarter-circle.  Fig.  3 shows  that  the  motion  from 
s = 0 to  Rti/4  is  accelerated;  also  that  it  is  uniform  with  speed  •'^R  from  s = RTt/4 
to  H - Rn/4 , and  desceleratcd  from  s = f - Rti/4  to  1.  The  acceleration  f is 
continuous  at  all  times.  Fig.  4 shows  that  for  arcs  shorter  than  a quarter-circle  the 
uniform  middle  section  has  disappeared,  and  that  f has  a jump  at  s = 1/2.  All  this 
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*•»»»€■» *68 »'*•'< 


easily  leads  to 

Theorem^.  The  Landau  constant  of  the  arc  is  given  by 


4 sin  I il  1 R’'/2  , 
/r  if  9.  > RTr/2  . 


The  most  remarkable  seems  to  be  the  case  1 = Rt/2  of  a quarter-circle.  What 

is  the  duration  T of  one  complete  osciilation? 

Prom  (9.10)  we  find  that  = (g(s))^'^^  = / AR  sin (2s/R)  , whence 

dt 


RTt/4 

4'^  " M I 


/sin(2s7R) 


Setting  x = »sin(2s/R),  we  get  that 


j T = >^r7a  / 


0 /I  - X 

2 

This  is  the  integral  which  equals  one  quarter  of  the  length  of  the  Lemniscate  r = cos  26. 
The  change  of  variable  x = cos  0 shows  that 

I / , 8.  • 


' 0 f 1 - (l/2)sin  ^ 

Using  the  value  of  this  complete  elliptic  integral  of  the  first  kind  as  given  in  (1,  608), 


we  obtain  the  final  result: 


T = (5.244  115  108)/r7a  . 


2.  The  acceleration  [pattern.  Suppose  that  we  are  in  Case  4 of  Theorem  2.  By 
differentiating  twice  by  t the  relations  (3.15),  it  follows  that  f (t)  associates 
to  every  [>oint  P e T a unique  acceleration  f^,  such  that  (f^l  = A,  except  at  the 
discontinuities  of  f.  In  the  present  case  of  (9.9),  there  are  no  such  points.  We 
call  the  correspondence  P f^  the  acceleration  pattern  of  f.  For  the  present  case 
when  ^ assuming  (9.9),  we  can  describe  the  (continuous)  acceleration 

pattern  f as  follows. 

P 

In  Fig.  5 let  O D E L be  the  arc  divided  accordino  to  the  graph  of  u(s) 

of  Fig.  3.  At  0 and  L,  where  f vanishes,  f^  and  f^  must  be  tangent  to  the 
arc,  hence 
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I 


Fig.  5 


(9.15)  fjj  = Ai,  (i  = . 

At  a variable  point  P on  the  arc  O D,  with  0 = ^ OCP,  we  have 

" " 301. 

(9.16)  f = e , (0  < 8 < ir/4)  . 

p 0 = = 


This  shows  that 


(9.17)  f turns  three  times  as  fast  as  the  radius  CP  . 

p 

As  P reaches  D,  (9.16)  shows  that  points  towards  the  center  C.  This  radial 

pattern  holds  along  the  arc  DE,  because  of  the  constant  speed  (Fig.  3).  Finallyr 
along  EL,  the  rule  (9.17)  again  holds. 

These  results  follow  from  (9.10)  and  (9.5),  combined  with  the  relations  (4.6), 
describing  the  components  of  f^.  We  omit  the  details. 

9^.  hetti^  R : r is__^^straight_^se^ent . Letting  R ” in  (9.5)  we  obtain 

2 2 

(9.18)  u = g„(s)  = 4A  s (-"  < s < “)  , 

and  its  translates  g^(s  - s^)  are  the  solutions  of  the  differential  equation  (9.4), 
where  we  let  R ->•  ».  For  the  straight  segment  T = [0,f)  the  relation  (9.12)  goes  over 
into 


(9.19) 


',1,2  2 
4A  s 


0 < s < 1/2  , 


u(s) 


4A^(s  - if  f/2  < s < f , 
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which  is  to  be  extended  periodically  with  period  Z.  The  arcs  O W and  W L of 
Fig.  4,  are  seen  to  go  over  into  the  two  parabolic  arcs  of  (9.19).  Letting  R -*■  ® 
in  the  (first)  relation  (9.13)  we  obtain  that 

(9.20)  i((0,«))  = /T  , 
whic)]  is  Landau's  original  result  (1.1). 

9^.  ^^,Lai^au^_B|gt^t^^r^^_racetrack.  Using  t)ie  results  of  §S9^,  9^  and  9^,  we 

could  discuss  our  problem  on  any  open  or  closed  circle-spline.  By  tliis  I mean  a curve 

composed  of  arcs  of  circles  of  different  radii  (finite  or  infinite)  that  join  with  a 

continuously  turning  tangent.  As  a matter  of  fact,  any  F,  as  described  in  the  opening 

paragraph  of  §3,  could  be  closely  approximated  by  an  appropriate  circle-spline  S,  and 

the  Landau  motion  on  S would  approximate  the  motion  on  I’. 

However,  we  prefer  to  discuss  the  simplest  closed  circle-spline,  )iaving  the  shape 

of  a racetrack  RT  , , as  shown  in  Fig.  6:  A 2a  x 2b  rectangle  capped  by  two  half- 
a,b 

circles,  having  total  perimeter  2!.  = 4a  + 2Tib.  By  using  the  experience  gained  in 

§§9j^  to  9j,  we  conclude  that  the  function  u(s),  giving  the  Landau  motion  f(t)  (for 

the  constant  A)  on  RT  , , has  the  period  2*  = 4a  + 2ifb,  and  that  its  graph  within 

a , b 

this  period  is  as  given  in  Fig.  6'.  Here  we  use  the  shifted  version  9„(s  t j b)  of 
the  function  (9.18)  and  define 

(9.21)  u(s)  = -(A^(s  + I b)“  if  0 < s < a . 

This  gives  the  parabolic  arc  B C,  while  DC,  E F,  ami  G F,  are  parabolic  arcs 
congruent  to  B C. 

Observe  that  u(s)  is  maximal  at  tlie  vertices  C and  F,  hence 

max  u(s)  = 4A^(a  + ^ b)  ^ . 

It  follows  that 

^<«^a,b’  = 7K  -7K 

or 

/,  (RT  , ) = /2a  + b . 
d , b 


(9.22) 


which  is  again  Landau's  result  (9.20).  That  if  a = 0 we  get 


which  is  the  old  result  (1.12)  of  our  Introduction 


2.  Notice  that  f has  discontinuities  at  the  midpoints  M and  M'  of  the 
straight  side  of  Fig.  6,  where  the  speed  |f(t)|  reaches  its  maximal  value 


max|f(t)|  = /A(2a  + b) 


However,  f has  four  further  discontinuities  at  the  four  vertices  of  the  rectangular 
portion  of  F.  One  such  discontinuity  is  explicitly  indicated  at  the  vertex  Q,  and 
we  see  that  the  jump  in  f does  not  satisfy  the  relation  (6.2),  since  fif^  is  not 
parallel  to  the  (vertical)  tangent  to  F at  Q.  Reason:  The  relation  (6.2)  assumed 
R(s)  to  be  continuous  at  Q,  which  is  not  true  in  our  case. 

10.  AcomMri^nthTOrem_fo^^rcs  F.  Observe  that  the  inequality  (4.16),  of 

2 

Lemma  2,  remains  valid  if  we  replace  R (s)  by  a larger  function  of  s.  This  is  the 
source  of 
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Theor^^.  Let  and  be  two  arcs  (Case  4)  having  the  same  length  H,  and 

such  that  for  their  respective  radii  of  curvature  we  have 


(Rj^(s))  < (R^(s))  for  0 < s < « . 


Proof : Let  and  f2(t)  be  their  respective  Landau  inotions,  and  u^(s)  and 


UjCs)  their  (s,u) -diagrams . We  now  use  Lemma  2: 
Since  |f^(t)|  = A,  we  conclude  that 


and  by  (10.1)  a fortiori 


= 16  G a2  - 

R^(s) 


“^"if  - f 2 “1 

< 16  u,  A 

= M R^(s) 


By  Lemma  2 this  implies  that  fj^(t)  e ^^2^  A therefore 


which  proves  (10.2). 

As  a special  case  we  obtain 

toro^lar^^.  ^ is  an  arc  of  length  It,  then 


L(r^)  < /T  , 


with  equality  if  Fj^  = [O.f). 


11.  The  curve  F is  a parabola.  Let  the  parabola  be 


n : y = ^ 


On  n we  measure  the  arc-length  s from  its  vertex  O.  As  we  wish  to  apply  our  general 
approach  of  Part  II,  we  select  A > 0 and  draw  in  the  (s,u) -plane  (Fig.  7)  the  curve 
(11.2)  Y ! u = A^R^(s)  (-"»  < s < •»)  . 

For  n the  function  R(s)  is  a complicated  elementary  function  of  s;  accordingly, 
we  shall  not  use  its  explicit  expression.  However,  observe  that  R(s)  is  an  even 
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function,  that  it  decreases  if  s < 0,  and  therefore  increases  if  s > 0.  (The  curve  y 
is  also  convex,  but  we  shall  not  use  this  fact) . Finally  R(0)  = p. 

We  apply  our  discussion  of  §5  of  the  solutions  of  the  differential  equation 


(11.3) 


16  u 


*1 


to  the  present  situation.  Of  particular  interest  is  its  solution 

(11.4)  u = u(s)  (-"  < s < “>)  , 

passing  through  the  minimum  point  S = (0,A^p^)  of  y.  Its  graph  L'L  is  composed 
of  two  symmetric  arcs  L'S  and  S L.  In  our  terminology  of  §5,  the  branch  S L is 
an  element  of  v“,  while  L’S  belongs  to  v“ . Both  arcs  are  tangent  to  y at  S 

and  it  follows  that 

(11.5)  u'  (s)  e C(K)  . 


Also,  clearly, 


(11.6) 


u(s)  > 0 for  all  s . 


Lemma  6.  The  function  (11.4)  is  the  only  solution  of  (11.3)  having  the  properties 


(11.5)  ar)d  (11.6)  . 

Proof ; A solution  u = u(s)  of  (11.3),  satisfying  (11.6),  is  composed  of  a sequence 
of  arcs  of  elements  of  and  V (see  the  example  (5.13)  of  the  last  two  paragraphs 

of  §5.  In  our  present  case  the  condition  of  periodicity  drops  out,  and  we  may  therefore 
have  an  infinite  sequence  of  arcs  that  alternate  between  and  V ) . However,  all 

of  these  solutions  have  cor ners  (hence  violate  (10.5)),  and  the  only  way  that  corners 
can  be  avoided  is  to  have  only  one  arc  of  V , and  one  arc  of  , joining  together  at 

the  point  S.  This  gives  the  solution  (11.4). 

We  now  turn  to  the  parabola  H and  consider  on  K motions  f(t)  such  that 

(11.7)  k (t)  I = A for  all  t , 


and 


(11.8)  ht)  * 0 for  all  t . 

Such  motions  are  in  a 1-1  correspondence  with  the  positive  solutions  u(s)  of  (11.3). 

Among  such  motions  f(t)  there  is  one  outstanding  motion  f_(t),  that  we  call  the 

Ci 

Galilean  motion.  It  is  given  parametrically  by 


(11.9)  iV'  where  ^ 

That  f^(t)  e (H)  is  clear,  because  on  eliminating 
satisfies  (11.7)  is  seen  from 


X 

y 

t 


= ti^  , 


2 

we  obtain 


(11.1)  . 


That  it 


(11.10)  fg(t)  = X + iy  = iA  . 

Also  (11.8)  follows  from  |f{t)|^  = Ap  + A^t^  ^ 0.  Finally,  observe  that  (11.10)  implies 
trivially  that 

(11.11)  fg(t)  e C(K)  . 

These  properties  of  f show  that  the  corresponding  function  u (s)  shares,  with  u(s), 
G G 

the  properties  (11.5)  and  (11.6).  Now  Lemma  6 shows  that  iJQfs)  = u(s).  This  proves 
Theorem^.  For  the  parabola  11,  the  Landau  motion  f(t),  corresponding  to  A, 
is  identical  with  the  Galilean  motion  (10.9) . 


A generalization  of  the  Galilean  motion.  Let  the  curve 


(11.12) 


r : X = x(s)  , y = y(s)  , (-■»  < s < ■»)  , 


be  given  parametrically  in  terms  of  its  arc-length  s.  We  assume  that  x(s)  e C (K) 
2 

and  y(s)  e C (K)  . For  its  radius  of  curvature 


(11.13) 


x'(s)y’'(s)  -■x"(s)y'(s) 


we  assume  the  following: 


(11.14) 


R(s)  > 0 for  all  s , 


(11.15)  R(s)  decreases  strictly  for  s < 0,  and  increases  strictly  for  s > 0 . 


We  choose  A > 0 and  may  state 

Theorem?.  Among  all  motions  f(t)  on  T,  such  that  f(t)  reaches  all  points  of 
r,  there  is  a unique  motion  f(t)  such  that 


(11.16) 


(11.17) 


f (t)  = A for  all  t , 


f(t)  is  continuous  for  all  t . 


Proof : We  refer  again  to  Fig.  7,  where  the  (upper)  curve  y corresponds  to  (11.13) 
We  have  seen  that  the  only  solution  of  (11.3)  that  satisfies  (11.5)  and  (11.6),  is 
the  u(s)  defined  by  the  curve  L'  S L. 

Let  now  u = u(s)  correspond  to  an  f(t)  satisfying  (11.16)  and  (11.17).  We 


)^now  that  (11.16)  and  (11.17)  imply  that 


(11.18) 


arovided  that 


(11.19) 


u'  (s)  e C(1R)  , 


u(s)  > 0 for  all  s , 


We  claim: 

(11.20)  The  assumptions  (11.16)  and  (11.17)  do  imply  (11.19). 


Indeed,  let  us  assume  that  there  is  a o such  that 


(11.21) 


u(a)  = 0 . 


(This  is  the  case  if  u = u(s)  has,  e.g.  the  grapli  A'lA,  where  A'Z  f V_  and 


I 


5)A  « V ),  and  let  us  show  that  our  assumption  (11.17)  is  violated:  At  the  point  P 


corresponding  to  s = o,  we  have,  by  (11.21),  a vanishing  speed 


Since  accelerations  f(t  -)  and  f(t  +)  are  both  tangent  to  F at  P,  by  (11.22) 


we  conclude  that  the  vectors  f(t 


common  magnitude  A.  Thus  (11.17)  is  violated 


We  conclude  that  (11.19)  holds,  and  now  Lemma  6 shows  that  u(s)  = u(s).  It  follows 


that  f(t),  satisfying  (11.16)  and  (11.17),  must  be  the  Landau  motion  f(t) 


Have  we  used  the  assumption  of  Theorem  7,  that  f(t)  reaches  all  points  of  F? 


Indeed,  we  have  used  it,  for  if  we  remove  it,  we  find  other  motions  satisfying  (11.16) 


and  (11.17),  as  follows.  We  assume  that  Fig.  7 represents  the  curve 


corresponding  to  (11.13).  Through  S we  draw  the  arcs 


be  the  function  defined  by  the  curve  P SQ 


It  is  then  found  that  u„(s)  defines  the  (to-and-fro)  Landau  motion 


Remarks.  1.  We  have  shown  that  the  Landau  motion  f(t)  on  F,  is  the  only 


motion  on  F satisfying  the  two  conditions  (11.16)  and  (11.17).  Evidently  f(t) 


reduces  to  the  Galilean  motion  (11.9)  if  F is  the  parabola  (11.1),  and  therefore 


generalizes  the  latter.  Galileo's  constant  force-field  (11.10)  is  now  replaced  by  the 


variable  continuous  force-field  f(t)  of  constant  magnitude  A 


Examples  of  curves  (11.12),  satisfying  (11.14)  and  (11.15),  are  numerous.  The 


and  therefore 


R(s)  = a + — s^  . 


Can  anybody  integrate  the  corresponding  equation 


(11.23) 


sf  - “ "1'^ 


, 2 ^ 2,2 

(a  + s ) 


From  Theorem  6 we  know  that  it  has  a unique  solution  u(s)  (s  f K)  satisfying  (11.5) 

2 2 

and  (11.6).  Also  that  u(0)  = A a , and  u(-s)  = u(s). 

2.  Following  the  procedure  of  §9.^  we  could  also  discuss  the  case  when  the  curve  T 
is  a finite  subarc  of  the  parabola  (11.1).  We  omit  this  discussion  because  of  our  lack 
of  quantitative  information  concerning  the  solutions  of  the  differential  equation  (11.3). 
12.  The  curve  T is  an  ellipse  E defined  by 

2 2 

(12.1)  E = E ,:^  + ^=l,  (0<b<a), 

a,b  2 ,2 

a D 

f^hown  Fig.  8.  Denoting  by  2i  the  perimeter  of  E,  we  find  the  periodic  function 

(12.2)  Y : U = A^R^(S) 

to  be  represented  by  a graph  as  sketched  in  Fig.  9.  Our  general  Fig.  2 now  reduces  to 
Fig.  9;  it  shows  that  the  Landau  motion  f on  E,  is  derived  from  the  graph,  of  period 
21,  defined  by  the  curve  S^W'S  representing  the  function 


u = u (s) 


Of  course,  the  arc  S^W  is  the  solution  of 


satisfying  the  initial  condition 


2 2 2 4 2 

u(0)  = A R^(0)  = A b /a 


Because  R(s)  is  a complicated  (elementary)  function  of  the  arc-length  s 
(measured  from  the  vertex  M of  Fig.  8),  we  prefer  to  use  the  representation 


Catenary  y = a cosh(x/a)  is  one  such.  For  this  curve  we  have  R = y /a,  s = a sinh(x/a) 
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in  terms  of  which  we  find  that 


(a  sin  6 + b cos  0)  a b 


From  (12.6)  we  find  that 


By  (12.7)  and  (12.8)  it  is  easy  to  pass  to  the  new  independent  variable  8,  and  (12.4) 


with  the  initial  condition 


The  Landau  constant 


it  suffices  to  determine  the  value 


u(l/2)  for  s = 1/2 


Here  is  a simplification:  Observe  that  by  similitude 


By  ta)cing  the  suprema  of  both  sides,  we  find  that 


To  determine  (12.12),  we  have  chosen  in  (12.9)  the  values 


and  integrated  numerically  the  differential  equation  (12.9)  from  0=0  to  6 - :i/2 


This  was  beautifully  done  by  C.  Vargas,  of  the  MRC  Computing  Staff,  by  a Runge-Kutta 


method.  These  computations  were  difficult,  because  (12.9)  does  not  satisfy  a Lipschitz 

2 4 2 

condition  in  a neighborhood  of  the  starting  point  6=0,  u=Ab/a.  The  results 


are  shown  in  Table  1 
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• I 

I 

i 1 


Table  1 


r ; 

£(E,  ) 

Irr 

.0 

1.41421 

.1 

1.40978 

.2 

1.39643 

.3 

1.37394 

.4 

1.34199 

.5 

1.30011 

.6 

1.24811 

.7 

1.18609 

.8 

1.11782 

.9 

1.0S409 

1.0 

1.00000 

The  values  for  the  two  endpoints  of  the  table  were  known:  For  o ” ^l' 

(1.1),  and  for  E = C by  (1.9)  and  (1.12). 

1,1  1 

A glance  at  Fig.  9 shows  the  Landau  motion  f(t)  to  be  accelerated  on  the  arcs 
M N and  M'N'  of  Fig.  8,  and  descelerated  on  N M' , N'M,  the  maximal  equal  speeds 
occurring  at  N and  N*.  At  these  two  points  are  the  only  discontinuities  of  f,  as 
indicated  in  Fig.  8. 

We  mention  the  following  three  limiting  cases  in  Fig.  8: 

1.  If  b decreases  and  tends  to  zero,  then  the  angle  a = ^(f^»f_)  increases 

to  180°,  and  f becomes  the  Landau  motion  on  the  segment  MM'. 

2.  If  b increases  and  tends  to  a,  then  a decreases  to  zero,  and  f becomes 

the  uniform  motion  on  the  circle  C^. 

3.  If  we  keep  fixed  the  focus  F of  E,  and  also  its  vertex  M,  while  we  let 

its  second  focus  F'  tend  to  then  E approaches  the  parabola  H of  Fig.  8. 

Also  the  acceleration  pattern  f on  the  arc  N'M  N is  fanning  out  and  approaches 
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i 


t 


1 


in  the  limit  the  horizontal  pattern  of  the  Galilean  motion  on  H. 


An  open  question:  Can  the  solution  u(6)  o£  (12.9)  and  (12.10)  be  expressed  in 
terms  of  elliptic  functions? 

13.  The  arc  T is^^_c^clo^  (Fig.  10).  We  select 
(13.1)  A = a , 


and  wish  to  show  that  the  relations 


(13.2) 


f(t)  = X + iy,  where 


X = a (t  - sin  t) , 

= a(l  - cos  t)  , (-“  < t < “)  , 

describe  the  Landau  motion  on  the  cycloid  C , corresponding  to  the  constant  (13.1) . 

We  find  that  f (t)  = a (sin  t + i cos  t) , which  is  also  the  complex  number  repre- 

sented by  the  vector  PC.  Therefore 

(13.3)  |f(t)|  = a for  all  t . 

Let  us  focus  our  attention  on  the  interval  0 < t < 2it , when  P = f(t)  describes  the 

first  arch  OPL  of  C.  For  s = length  of  arc  OP  we  find 


(13.4) 


s = 4a (1  - cos  ^)  and  R = 2|pb|  = 4a  sin  ^ . 


Expressing  R in  terms  of  s,  by  the  first  relation  (13.4),  we  find  that 

(13.5)  a^R^(s)  = a^s(8a  - s)  in  0 < s < 8a  . 

Its  periodic  extension,  with  period  8a,  gives  us  the  "upper  curve" 


(13.6)  Y : u = a^R^(s)  (-»  < s < <»)  , 

of  Fig.  11.  However,  also  the  function  u(s),  corresponding  to  f(t),  is  readily 
found.  Using  again  the  first  relation  (13.4)  we  find  that 

(13.7)  u(s)  = v^  = (y?  + y^)^  = s^(8a  - s)^  in  0 < s < 8a  . 

ib  ^ * 

Its  periodic  extension  is  shown  in  Fig.  11.  By  its  construction  we  )<now  that  (13.7) 
is  a solution  of  the  differential  equation 

(13.8)  (^1  = 16  uja^  - 3.  s,  ) . (0  < s < 8a)  , 

as  also  easily  verified  directly.  Let  us  point  out,  as  readily  shown,  that  the  graphs 
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ol  the  functions  (13.5)  and  (13.7) 


This  fact  has  the  following  consequence:  If  we  consider  a solution  of 


of  the  kind  that  we  classified  as  of  type  V 


, originating  in  S 


say,  then 


we  see  that  this  increasing  solution  must  terminate  at  the  jwint  S 
increasing  regular  function  has  nowhere  else  to  go! 


Indeed,  this 


I 


In  any  case,  the  reasoninf  provinq  ! eirana  5 applies  ana  shows  that  f(t)  is  the 

Landau  motion.  Fig.  11  shows  the  curious  singularity  of  the  ec^ation  (13.8)  at  the 
4 

point  S = (4a, 16a  ). 

We  have  established 

Theorem  8 . The  equations  (13.2)  define  the  Landau  motion  on  the  cycloid  C , 
for  A = a.  The  acceleration  vector  is  f (t)  = PC  (Fig.  10).  Finally 

L{C)  = . 

The  last  statement  follows  'rom  v = ds/dt  = 2a  sin  hence  l|f||  = 2a,  and 

so  i(C)  = 2a/ /a  = 2i/a. 

14.  Thecaseof_skew_curves . We  conclude  this  already  too  long  article  with  the 
following  brief  remarks . 

1.  If  we  apply  our  analysis  of  §4  to  the  case  of  a curve  T in  R^,  and  apply 
for  this  purpose  the  Frenet  formulae  [5,  Chap.  Ill,  §7),  we  find  that  the  acceleration 
f(t)  depends  on  the  curvature  k = 1/R(s)  , but  disre'^ar''s  completely  its  torsion  t. 

It  follows  that  the  Landau  motior  on  T depends  on  the  erc-length  s in  the  same  way 

* 

as  the  Landau  motion  on  a plane  curve  T having,  for  all  values  of  s,  the  same 
curvature  as  T.  An  example:  the  Landau  motion  on  a heli:c  II,  represented  by 
s = s(t)  (t  e F)  , is  the  same  as  the  motion  on  a circle  C^  having  as  radius  the 
radius  of  curvature  a of  H. 

2.  Here  is  a simple  space  analogue  of  (1.12).  Let  us  consider  the  spherical  shell 

2 2 7 2 

(14.1)  I : X + y‘‘  + z = a . 

a 

Its  plane  sections  have  radii  that  do  not  exceed  a.  By  the  first  elements  of  surface 
theory  (5,  Chap.  IV,  §12]  we  Itnow  that  this  is  also  true  for  any  smooth  curve  T drawn 
on  E:  The  radius  of  curvature  R(s)  of  T satisfies  R(s)  < a for  all  s.  This 
implies  the  following.  If  f(t)  is  any  motion  on  '’escribing  the  curve  T which 

we  assume  closed,  say,  then-  the  curve 

.2„2,  , 

Y : u = A R (s) 

2 2 

of  Fig.  2,  will  never  rise  above  the  horizontal  u = A a , which  corresponds  to  a 
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great  circle  of  Z . But  then  surely  u(s)  < A a , for  all  s,  and  we  obtain 


Theorem  9.  For  the  spherical  shell  (14.1)  we  have 


More  elusive  and  not  yet  determined  is  the  Landau  constant  of  the  surface  of  an 


ordinary  Torus 
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